Recall that a symmetric bilinear form ω : L × L → K on a Lie algebra L over a field K is called invariant if ω ([z, x], y) + ω(x, [z, y]) = 0 for any x, y, z ∈ L. The linear space of all such forms is an important invariant of a Lie algebra. For simple finite-dimensional modular Lie algebras of Cartan type, the description of this invariant was announced without proof in [D] and then elaborated in [F] (with essentially the same proof being reproduced in the book [SF], §4.6). The proof is based on more or less direct computations, employing the graded structure of the underlying Lie algebra and the Poincaré-Birkhoff-Witt theorem.
Recall that a symmetric bilinear form ω : L × L → K on a Lie algebra L over a field K is called invariant if ω ([z, x] , y) + ω(x, [z, y]) = 0 for any x, y, z ∈ L.
The linear space of all such forms is an important invariant of a Lie algebra. For simple finite-dimensional modular Lie algebras of Cartan type, the description of this invariant was announced without proof in [D] and then elaborated in [F] (with essentially the same proof being reproduced in the book [SF] , §4.6). The proof is based on more or less direct computations, employing the graded structure of the underlying Lie algebra and the Poincaré-Birkhoff-Witt theorem.
Here we propose a very short alternative proof for the case of algebras of the general Cartan type. The proof is based on evaluation of the second homology of a certain Lie algebra in two ways, one of them involves the space of symmetric bilinear invariant forms in question, and allows to treat the finite-dimensional modular and infinite-dimensional cases in a uniform way.
Theorem. Let A be an associative commutative algebra with unit over a field K of characteristic = 2, 3, and L be a Lie subalgebra of Der(A) which is simultaneously a free finite-dimensional A-submodule of Der(A), such that
where, for each a ∈ A,
Then any symmetric bilinear invariant form on L vanishes.
Proof. Let B be another finite-dimensional associative commutative algebra with unit over K. We have obvious embeddings
Obviously, L is a free A ⊗ B-module, and
i.e. condition (1) is satisfied for the pair (L , A ⊗ B) too. Now we are in position to apply for both algebras L and L Theorem 7.1 of [S] which tells that H 2 (L, K) (the second homology of L with trivial coefficients) is isomorphic to the first cohomology
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, with differential defined as in the standard Chevalley-Eilenberg complex. Though this and similar complexes were extensively studied in relation with such structures as Lie-Rinehart algebras, Lie algebroids, etc., we failed to find the following simple statement explicitly in the literature. A) ) ⊗ B for any n ∈ N. Proof. We have:
It is easy to see that Hom B (B ⊗n , B) consists exactly of the linear spans of maps of the form b 1 ⊗ · · · ⊗ b n → b 1 . . . b n b for some b ∈ B, and hence is isomorphic to B.
Passing to the skew-symmetric cochains, we have
-multilinear cochains on the left being the linear spans of maps of the form
and where
Let us see how the Chevalley-Eilenberg differential d L⊗B interacts with isomorphism (2). Let Φ ∈ C n A⊗B (L ⊗ B, A ⊗ B) be determined by the formula (3). Then:
, and the statement of the Lemma follows.
Continuation of the proof of Theorem. On the other hand, the equality
where
and HC 1 (B) denotes the first cyclic homology of B. The space of symmetric bilinear invariant forms on L is dual to B(L), so it is sufficient to prove the vanishing of B (L) .
where the second isomorphism follows from Lemma. It is obvious that this isomorphism is functorial, and from the proof of Theorem 0.1 in [Z] it follows that isomorphism (4) is functorial too. The comparison of (4) and (5) 
If dim A L > 1, the whole expression at the right side of (4) vanishes, and, in particular, B(L) ⊗ HC 1 (B) vanishes.
It is remained to pick an algebra B such that HC 1 (B) does not vanish (for
Corollary 1 ( [D] , Theorem 1 and [F] , Theorem 4.2). Any symmetric bilinear invariant form on a finite-dimensional simple Lie algebra of the general Cartan type over a field of characteristic > 3, vanishes.
Proof. It is well-known that the modular simple Lie algebra of the general Cartan type satisfies the condition of the Theorem, being a freely generated by the special derivations over a divided powers algebra (see, for example, [SF, §4.2] ). The condition (1) is verified immediately.
Corollary 2. Any symmetric bilinear invariant form on the infinite-dimensional simple Lie algebra of the general Cartan type over a field of characteristic zero, vanishes.
Proof. Analogously, this Lie algebra is isomorphic to the derivation algebra of the algebra of Laurent power series, is a free module over the latter, and the condition (1) is obvious.
Thanks are due to Rolf Farnsteiner for kindly supplying reprint of his paper [F] .
